Abstract. We classify four-dimensional compact solvmanifolds up to diffeomorphism, while determining which of them have complex analytic structures. In particular, we shall see that a four-dimensional compact solvmanifold S can be written, up to double covering, as Γ\G where G is a simply connected solvable Lie group and Γ is a lattice of G, and every complex structure J on S is the canonical complex structure induced from a leftinvariant complex structure on G. We are thus led to conjecture that complex analytic structures on compact solvmanifolds are all canonical.
INTRODUCTION
In this paper we shall mean by a solvmanifold (nilmanifold) a compact homogeneous space of solvable (nilpotent) Lie group. Let M be an n-dimensional solvmanifold. M can be written as D\G, where G is a simply connected solvable Lie group and D is a closed subgroup (which may not be a discrete subgroup) of G. In the case where M is a nilmanifold, we can assume that D is a discrete subgroup of G.
In the author's paper [12] we observed that complex tori and hyperelliptic surfaces are the only four-dimensional solvmanifolds which admit Kähler structures. In this paper we extend this result to the case of complex structures; namely we will show the following: In Section 2 we classify four-dimensional orientable solvmanifolds up to diffeomorphism, which include all of the orientable T 2 -bundles over T 2 . In Section 3 we study in more details certain classes of four-dimensional solvmanifolds which admit complex structures; we show precisely how to construct complex structures on them. In particular we obtain the classifications of hyperelliptic surfaces and secondary Kodaira surfaces as solvmanifolds.
In Section 4 we give the proof of the main theorem. To be more precise, the proof consists of two steps: First, we show that complex surfaces stated above in the main theorem are all obtained by constructing complex structures on certain four-dimensional solvmanifolds. This is the part we shall see in Section 3. Next, we show that a complex surface with diffeomorphism type of solvmanifold must be one of the surfaces stated in the main theorem. This is the part we actually show in Section 4. As a consequence of the theorem together with the results of Section 3, we can see that complex structures on a complex surface S with diffeomorphism type of solvmanifold Γ\G (up to finite covering) are exactly those which are canonically induced from left-invariant complex structures on G (Proposition 4.2), where G is a simply connected solvable Lie group and Γ is a lattice of G. In other word these complex structures can be defined simply on the Lie algebras of G (see Section 3.8) . In Section 5 (Appendix) we give a complete list of all the complex structures on four-dimensional compact homogeneous spaces, referring to their corresponding complex surfaces. A brief description of the list is provided, though the proof is mostly a combination of many known results, along with the application of Kodaira's classification of complex surfaces.
We shall discuss also some other important structural problems on solvmanifolds: while classifying four-dimensional solvmanifolds we can see the following:
1) Every four-dimensional orientable solvmanifold is real parallelizable (see Proposition 2.3), which is noted in [2] without proof.
2) There exist four-dimensional simply connected, unimodular and nonnilpotent solvable Lie groups which have no lattices (see Section 2.5).
3) There exist four-dimensional solvmanifolds which cannot be written as Γ\G where G is a simply connected solvable Lie group and Γ is a lattice of G, although they have the solvmanifolds of the above type as double coverings (see Example 3.5).
FOUR-DIMENSIONAL SOLVMANIFOLDS -CLASSIFICATION UP TO DIFFEOMORPHISM
We recall some fundamental results on solvmanifolds. It is well-known [16] that an n-dimensional solvmanifold M is a fiber bundle over a torus with fiber a nilmanifold, which we call the Mostow fibration of M . In particular we can represent the fundamental group Γ of M as a group extension of Z k by a torsion-free nilpotent group N of rank n − k, where 1 ≤ k ≤ n and k = n if and only if Γ is ableain:
Conversely any such a group Γ (which is called the Wang group) can be the fundamental group of some solvmanifold ( [1, 25] ). It is also known [16] that two solvmanifolds having isomorphic fundamental groups are diffeomorphic.
From now on we denote by S a four-dimensional orientable solvmanifold, Γ the fundamental group of S, and b 1 the first Betti number of S. The classification is divided into three cases:
and N is abelian (2.2) k = 1 and N is abelian (2.3) k = 1 and N is non-abelian
It should be noted that these three cases are not exclusive each other.
For instance, it can be easily seen that Γ of the case k = 3 can be expressed as the case k = 2, and also as the case k = 1 and N is either abelian or non-abelian. More precisely, we shall see that the class of solvmanifolds of the case (2.1) coincides with that of T 2 -bundles over T 2 (see Proposition 2.1), and most of them belong also to the case (2.2) or (2.3).
The case 2 ≤ k ≤ 4 and N is abelian
In the case k = 4, Γ is abelian and S is a 4-torus with b 1 = 4. In the case k = 3, we have N = Z 1 , and since S is orientable the action φ :
is trivial. Hence Γ is a nilpotent group, which can be canonically extended to the nilpotent Lie group G, and S = Γ\G is a nilmanifold with b 1 = 3.
S has a complex structure defining a primary Kodaira surface (see Section 3.4). In the case k = 2, we have N = Z 2 , and S is a T 2 -bundle over T 2 .
We have the following general result (including non-orientable cases), which appears to be well-known. Proof. We know that Γ of the case k = 3 can be expressed as the case k = 2, and the corresponding nilmaifold with b 1 = 3 has a structure of T 2 -bundle over T 2 . We also know [3] that a solvmanifold of general dimension can has a structure of fiber bundle over T b 1 with fiber a nilmanifold (which may be different from the Mostow fibration). Hence, the four-dimensional solvmanifolds with 2 ≤ b 1 ≤ 4 are all T 2 -bundles over T 2 . Conversely, for a given T 2 -bundleS over T 2 there exits a four-dimensional solvmanfold S with the same fundamental group asS. Since the diffeomorphism type of T 2 -bundle over T 2 is determined only by the fundamental group ( [19] ), S must be diffeomorphic toS.
2
The classification of T 2 -bundles over T 2 is well-known ( [19, 22] ). According to the above proposition, we can classify them as four-dimensional solvmanifolds. Let us first consider the group extension:
where the action φ : Z 2 → Aut(Z 2 ) is defined by φ(e 1 ), φ(e 2 ), e 1 = (1, 0), e 2 = (0, 1). Since the total space is orientable φ(e 1 ), φ(e 2 ) ∈ SL(2, Z), and since φ(e 1 ) and φ(e 2 ) commute we can assume that φ(e 1 ) = ±I (cf. [19] ).
1)
In the case where φ(e 1 ) = I, by taking a section s of r defined on the first facter of Z 2 , we can construct a subgroup Z 3 of Γ with the group extension:
Hence this case is included in the case (2,2).
2)
In the case where φ(e 1 ) = −I, we can assume that the characteristic polynomial Φ of φ(e 2 ) has the double root 1 or two distinct positive real roots.
a) If Φ has the double root 1, φ(e 2 ) is expressed in the following form:
As in the case where φ(e 1 ) = I, by taking a section s of r, we can construct a subgroup N of Γ, which is a torsion-free nilpotent group with the group extension:
Hence this case is included in the the case (2,3) (this case is precisely the case 2b) of (2,3)).
b) If Φ has two distinct positive real roots a 1 , a 2 , we can similarly construct a subgroup K of Γ with the group extension:
where K = Z 2 × Z (a non-nilpotent solvable group) which can be extended to the solvable Lie group G = R 2 × R defined by the action ψ(t)(x, y) = (e t log a 1 x, e t log a 2 y).S = K\G is a three-dimensional solvmanifold, and the solvmanifold S corresponding to Γ is a fiber bundle over T 1 with fiberS where the action φ : 
The case k = 1 and N is abelian
The group extension is split and thus determined only by the action φ : Z → Aut(Z 3 ). Since S is orientable, φ(1) = A ∈ SL(3, Z), and the action φ is defined by
where e 1 = (1, 0, 0), e 2 = (0, 1, 0), e 3 = (0, 0, 1). We mean by roots of φ (1) the eigenvalues of φ(1), the roots of the characteristic polynomial Φ of φ(1).
Since Φ is of the form Φ(t) = t 3 −mt 2 +nt−1, where m, n are integers, we can see that Φ has no double root except 1 or −1. This is an important Lemma (for which the proof is quite elementary) though it seems to be unknown. 
1)
If φ(1) has three distinct positive real roots a 1 , a 2 , a 3 , we have linearly independent eigen vectors u 1 , u 2 , u 3 of a 1 , a 2 , a 3 respectively. Let
defines an abelian lattice Z 3 of R 3 . We define a solvable Lie group G = R 3 × R, where the action φ : R → Aut(R 3 ) is defined by φ(t)((x, y, z)) = (e t log a 1 x, e t log a 2 y, e t log a 3 z),
which is a canonical extension of φ. Then Γ = Z 3 × Z is a lattice of G, and S = Γ\G is a solvmanifold. We can see that S is a T 2 -bundle over T 2 . S has b 1 = 2 for the case where one of the roots is 1, and b 1 = 1 for the case where none of the roots is 1.
2) If φ(1) has three distinct real roots two of which are negative, S has a double covering solvmanifold of the above type 1).
3) If φ(1) has a triple root 1, taking a suitable basis Except for the latter case in the above, each corresponding solvmanifold has a complex structure, defining a hyperelliptic surface. For the details of hyperelliptic surfaces we refer to Section 3.3.
We can see that the solvmanifold corresponding to the latter case has a nilmanifold with b 1 = 3 as a double covering.
5)
If φ(1) has a positive real root a, and non-real complex roots β (|β| = b = 1),β, then S is an Inoue surface of type S. For the details we refer to Section 3.6.
The case k = 1 and N is non-abelian
The group extension has a non-abelian kernel N which is a torsion-free nilpotent group of rank 3. We can see that the extension is split and is determined only by the action φ : Z → Aut(N ). φ(1) induces an automorphism φ(1) of the center Z of N . φ(1) also induce an automorphism φ(1) of We can see that H 1 (Γ, Z) = Z 2 ⊕ Z/nZ. Hence, S is a T 2 -bundle over T 2 , for which b 1 = 2 for the case n = 0, and b 1 = 3 (S is a primary Kodaira surface) for the case n = 0.
has a double root −1 or non-real complex roots α (|α| = 1),ᾱ, then S has a double covering of the type 1c) and has b 1 = 1. In case φ(1) has a double root −1, we can assume that φ(1) is of the form
Except for the case n = 0 in the above, each corresponding solvmanifold has a complex structure, defining a secondary Kodaira surface. We refer to Section 3.5 for the details of secondary Kodaira surfaces. 
Parallelizability of solvmanifolds
As an application of the classification, we can see the following (cf. [2] ).
Proposition 2.3. Any four-dimensional orientable compact solvmanifold is real parallelizable.
Proof. In fact, let us consider first a solvmanifold Γ\G, where G = R 2 × R with the action φ defined by φ(t)(x, y) = (cos(πt)x − sin(πt)y, sin(πt)x + cos(πt)y), and Γ = Z 2 × Z, which is a lattice of G. Then we have linearly independent left-invariant vector fields X 1 , X 2 , X 3 on G:
As we have seen in the above classification, a four-dimensional solvmanifold S is either of the form Γ\G, where G is a simply connected solvable Lie group and Γ is a lattice of G, or has a double covering of a solvmanifold S of the above type. For the former case it is clearly parallelizable, and for the latter case since the covering is of the same type as the above, we can construct four linearly independent vector fields on S, which are invariant by the covering transformation, in the same way as the above case (though they are not in general left-invariant vector fields on G 
Lattices of solvable Lie groups.
1) A simply connected solvable Lie group G = R 3 × R, where the action
is defined by φ(t)((x, y, z)) = (e at x, e at y, e −2at z), a( = 0) ∈ R, has no lattices, although it has a geometric structure. This is due to the Lemma, and the fact that G has a circle action rotating the first two coordinates. An Inoue surface of type S can be interpreted as a geometry of this type. (for the details we refer to [23] ).
2) We have another type of a simply connected, unimodular and nonnilpotent solvable Lie group which has no lattices: Let g be a Lie algebra
where bracket multiplications are defined by
Then it can be seen from our classification that the corresponding Lie group G has no lattices.
FOUR-DIMENSIONAL SOLVMANIFOLDS -WITH THE CONSTRUCTIONS OF CANONICAL COMPLEX STRUCTURES
We shall study in this section some important classes of solvmanifolds in further detail. In particular we study in separate sections certain classes of solvmanifolds on which we can construct canonical complex structures, determining some explicit classes of complex surfaces.
Some basic examples
Example 3.1. Let Γ = Z × Z, where the action φ : Z → Aut(Z) is defined by φ(1) = −1. Then Γ acts on R 2 as follows:
a solvable Lie group defined as follows:
Example 3.2. Let G = C × R be a solvable Lie group defined as follows:
(w, t) · (z, s) = (w + e 2πit z, t + s). Γ = {(p + qi, r)| p, q, r ∈ Z} is a uniform discrete subgroup of G, which is abelian. Γ\G is diffeomorphic to T 3 (a three-dimensional torus).
is defined by φ(1) = A ∈ SL(2, Z). Assume that A has complex roots α,ᾱ (α =ᾱ), |α| = 1 with the eigen vector (a, b) ∈ C 2 of α, or a double root −1 with linearly independent eigen vectors a, b ∈ C (considering R 2 as C)
Since the multiplication by α preserves the lattice spanned by a and b, α must be e iηt , η = 
The action φ can be extended toφ : R → Aut(R 2 ) defined byφ(t) = A(t) ∈ GL(2, R),
Let N = R 2 × R be a nilpotent Lie group defined by the actionφ. Then each Λ n is a lattice of N , and Λ n \N is a nilmanifold. and has a structure of T 2 -bundle over T 2 .
Complex Tori
An n-dimensional torus T n is a compact homogeneous space of the abelian Lie group R n : that is, T n = Z n \R n where Z n is an abelian lattice of R n which is spanned by some basis of R n as a real vector space.
For the case n = 2m, the standard complex structure C m on R 2m defines a complex structure on T 2m . The complex manifold thus obtained is a complex torus, which is known to be the only compact complex Lie group. It should be noted that complex structures on T 2m differ for different abelian lattices, while the underlying differentiable manifolds are diffeomorphic each other. On the other hand, as was shown in Example 3.2, T n (n ≥ 3) can admits a structure of non-toral solvmanifold. It is conjectured that complex structures on T 2m are only the standard ones (we know that this is valid for m = 1, 2 since they are Kählerian).
Hyperelliptic surfaces
Let Γ = Z 3 × Z 1 , where the action φ :
Assume that A has a single root 1, and a double root −1 with linearly independent eigen vectors of −1 or non-real complex roots β (|β| = 1),β. We shall see that the class of the corresponding solvmanifolds with canonical complex structures coincides with that of hyperelliptic surfaces.
For a given A ∈ SL(3, Z) which satisfies our assumption, we can find a
, where a = −1 and b = 0 for the case that A has a double root −1, and a = Re β and b = Im β for the case that A has a non-real complex root β.
1, 2, 3 defines an abelian lattice Z 3 of R 3 which is preserved by a rotation around a fixed axis. In particular, β must be e iζ (ζ = where A ′ = (a ij ) ∈ SL(2, Z), p, q ∈ Z. Since A ′ has the root −1 (with linearly independent eigen vectors) or β, we can assume that A ′ is of the form:
according to the root e iη of A ′ , where η = π, 
which is a canonical extension of φ. Γ = Z 3 × Z clearly defines a lattice of G. Since the action on the second factor R is trivial, the multiplication of G is defined on C 2 as follows:
where t = Re w 2 . For each lattice Γ of G, Γ\G with canonical complex structure defines a complex surface, actually a hyperelliptic surface.
We can see that there exist seven isomorphism classes of lattices of G, which correspond to seven classes of hyperelliptic surfaces. For each η, take a lattice Z 3 of R 3 spanned by {v 1 , v 2 , v 3 } for A with p = q = 0.
Then we can get a lattice Z 3 spanned by {v 1 , v 2 , v ′ 3 } for A with arbitrary (p, q) ∈ Z 2 , by changing v 3 into v ′ 3 = sv 1 + tv 2 + v 3 where s, t ∈ Q with 0 ≤ s, t < 1, and Γ = Z 3 × Z defines a lattice of the solvable Lie group G. By elementary calculation, we obtain the following seven isomorphism classes of lattices: besides four trivial cases with (p, q) = (0, 0) and (s, t) = (0, 0) for η = π, 
Primary Kodaira surfaces
Let Γ n = Λ n × Z, and G = N × R, where Λ n and N are the nilpotent group and nilpotent Lie group defined in Example 3.4 respectively. S n = Γ n \G is a nilmanifold with b 1 = 3. Expressing the nilpotent Lie group N in we can define a coordinate change Φ from N × R = R 3 × R to R 4 :
Φ : ((x, y, s), t) −→ (x, y, 2s − xy, 2t + 1 2 (x 2 + y 2 )).
Considering R 4 as C 2 the group operation on G in the new coordinate can be expressed as follows:
S n with this complex structure is a primary Kodaira surface.
Conversely, any primary Kodaira surface, which is by definition a complex surface with the trivial canonical bundle and b 1 = 3, can be written as C 2 /Γ where Γ is a properly discontinuous group of affine transformations in the above form ( [15] ).
Secondary Kodaira surfaces
Let Γ n = Λ n × Z, where the action φ : Z → Aut(Λ n ) satisfies the condition that the induced automorphism φ(1) of Z is trivial, that is, φ(1) = Id, and the induced automorphism φ(1) of Z 2 has a double root −1 with linearly independent eigen vectors, or non-real complex roots, α,ᾱ (α = α), |α| = 1.
We shall see that Γ n can be extended to a solvable Lie group G = N × R.
As we have seen in Section 3.3, α must be e iη , η = π, 
, is preserved by the automorphism ψ ′ : (x, y) → (ax − by, bx + ay) of R 2 . We can extend ψ ′ to an automorphism of N of the form:
for some polynomial h. As ψ is a group homomorphism of finite order, by simple calculation, we see that h = 1 2 b (ax 2 −ay 2 −2bxy). We can extend the lattice Z 2 spanned by {v ′ 1 , v ′ 2 } to a lattice Λ n spanned by {v 1 , v 2 , v 3 }, v 1 = (u 11 , u 21 , u 31 ), v 2 = (u 12 , u 22 , u 32 ), v 3 = (0, 0, u 33 ) for suitable u 31 , u 32 , u 33 , so that Λ n is preserved by ψ. We now define a solvable Lie group G by extending the action φ(m) = ψ m , m ∈ Z to ψ(t), t ∈ R, replacing a with cos ηt and b with sin ηt. It is clear that Γ n = Λ n × Z defines a lattice of G. If we take the new coordinate as in Section 3.4, the automorphism ψ is expressed as,
for ζ ∈ C, |ζ| = 1. It follows that the above automorphism is holomorphic with respect to the complex structure defined in Section 3.4. Therefore, S n = Γ n \G is a finite quotient of a primary Kodaira surface, and S n with the above complex structure is a secondary Kodaira surface.
The classification of secondary Kodaira surfaces are known (cf. [6, 21] 
it is by definition a finite quotient of a primary Kodaira surface, which can be also written as C 2 /Γ where Γ is a properly discontinuous group of affine transformations. And all the secondary Kodaira surfaces are constructed in the above way.
Inoue surfaces of type S
Let Γ = Z 3 × Z, where the action φ : Z → Aut(Z 3 ) is defined by φ(1) = A ∈ Aut(Z 3 ) = GL(3, Z). Assume that A has complex roots α,ᾱ and a real root c, where c = 1, |α| 2 c = 1. Let (α 1 , α 2 , α 3 ) ∈ C 3 be the eigen vector of α and (c 1 , c 2 , c 3 ) ∈ R 3 the eigen vector of c. The set of vectors {(α i , c i ) ∈ C × R | i = 1, 2, 3} are linearly independent over R, and defines a lattice Z 3 of C × R. Let G = (C × R) × R be a solvable Lie group, where the actionφ : R → Aut(C × R) is defined byφ(t) : (z, s) → (α t z, c t s), which is a canonical extension of φ. Then Γ is a lattice of G and S = Γ\G is a solvmanifold. Using the diffeomorphism R → R + defined by t → e log ct , S can be considered as Γ ′ \C × H, where Γ ′ is a group of automorphisms generated by g 0 and g i , i = 1, 2, 3, which correspond to the canonical generators of Γ. We can see that g 0 : (z 1 , z 2 ) → (αz 1 , cz 2 ) and 
which is a canonical extension of φ. In order to define a lattice Λ n which is preserved byφ, we take g 1 , g 2 , g 3 ∈ N as
where c 1 , c 2 , c 3 are to be determined, satisfying the following conditions:
If we take g 0 ∈ N × R as
then {g 0 , g 1 , g 2 , g 3 } defines a lattice Γ n of G, and S n = Γ n \G is a solvmanifold.
Now, we define a diffeomorphism Φ : G = N × R −→ R 3 × R + , for an arbitrary γ = p + qi ∈ C and σ = log b, by Φ :
Then considering R 3 × R + as C × H, g 0 , g 1 , g 2 , g 3 are corresponding to the following holomorphic automorphisms of C × H,
where i = 1, 2, 3 and a 3 = b 3 = 0. S n with the above complex structure is, by definition, an Inoue surface of type S + .
An Inoue surface of type S − is defined similarly as the case where the action φ : Z → Aut(Λ n ) satisfies the condition that φ(1) = −Id, and φ (1) has a positive and a negative real root. It is clear that an Inoue surface of type S − has S + with γ = 0 as its double covering surface.
Complex structures on solvable Lie algebras
We have seen that a four-dimensional solvmanifold S can be expressed, up to finite covering, as Γ\G where G is a simply connected solvable Lie group and Γ is a lattice of G. And we have explicitly constructed complex structures on S, as those canonically induced from some left-invariant complex structures on G. In the following list, for each complex surface with diffeomorphism type of solvmanifold, we express the corresponding solvable Lie algebra g of G as being generated by {X 1 , X 2 , X 3 , X 4 } with the specified bracket multiplication. And for each case except 6), the almost complex structure J is defined by
2) Hyperelliptic Surfaces
, and all other brackets vanish.
3) Primary Kodaira Surfaces
4) Secondary Kodaira Surfaces
5) Inoue Surfaces of Type
, and all other brackets vanish, where a, b ( = 0) ∈ R.
6) Inoue Surfaces of Type
, and all other brackets vanish. The almost complex structure J is defined by
, and the Nijenhuis tensor vanishes for this J.
The Inoue Surfaces of Type S − is not of the form Γ\G, but has a double covering Inoue surface of type S + ; and its complex structure comes from the one of the above type.
PROOF OF THE MAIN THEOREM
In this section we shall prove the main theorem we stated in Section 1;
we show actually that a complex surfaces with diffeomorphism type of solvmanifold must be one of the following surfaces: complex tori, hyperelliptic surfaces, Primary Kodaira surfaces, Secondary Kodaira surfaces, and Inoue surfaces. It should be noted that we have already seen in section 3 that all of the above complex surfaces have the structures of four-dimensional solvmanifold. In this section we shall use the standard notations and terminologies in the field of complex surfaces (see [4, 6] for references). Since the fundamental group of the Hopf surface is of the form H × Z where H is a finite unitary group (including the trivial case) (cf. [11] ), it cannot be the fundamental group of solvmanifold. Hence S must be an Inoue surface.
In the case where κ(S) = 0, S is a complex torus, hyperelliptic surface, or Kodaira surface (primary or secondary Kodaira surface).
In the case where κ(S) = 1, S is, a (properly) elliptic surface (which is minimal since c 2 = 0). Let us first recall some terminologies and fundamental results concerning topology of elliptic surfaces in general. An elliptic surface is a complex surface S together with an elliptic fibration f : S → B
where B is a curve, such that a general fiber f −1 (t), t ∈ B (except finite points t 1 , t 2 , ..., t k ) is an elliptic curve. The base curve B is regarded as a two-dimensional orbifold with multiple points t i with multiplicity m i , where 
, where e(B) is the Euler number of B as topological space. We know that B is hyperbolic, flat or spherical according as e orb (B) is negative, 0, or positive. In the case c 2 = 0, we can see ( [23] ) that an elliptic surface S is hyperbolic, flat or spherical according as the Kodaira dimesion κ(S) is 1, 0 or −∞. We now continue our proof for the case κ(S) = 1. By the above argument, S is a minimal elliptic surface of hyperbolic type. We show that the fundamental group of S is not solvable, and thus S cannot be diffeomorphic to a solvmanifold. We have the following presentation of π 1 (S) as a short exact sequence (c.f. [6] ):
where π orb 1 (B) is the fundamental group as two-dimensional orbifold. Since π orb 1 (B) is a discrete subgroup of PSL(2, R), it contains a torsionfree subgroup Γ of finite index, such that Γ is the fundamental group of a finite orbifold covering B of B, which is a close surface of genus g ≥ 2 (or a Riemann surface of hyperbolic type) (cf. [18] Conjecture. It is natural to conjecture that the above proposition holds for solvmanifolds of general dimensional. It should be noted that this conjecture is closely related to the general conjecture on Kaehlerian solvmanifolds (see [12] for the detail).
APPENDIX -COMPLEX STRUCTURES ON FOUR-DIMENSIONAL COMPACT HOMOGENEOUS SPACES
In this section we determine complex surfaces with diffeomorphism type of compact homogeneous spaces. It is known (due to V. V. Gorbatsevich [9] , also see [10] ) that a four-dimensional compact homogeneous space is diffeomorphic to one of the following types: (1) S k i (up to finite quotient),
where SL 2 (R) is the universal covering of SL 2 (R) and Γ is a lattice of SL 2 (R). We can determine, from the above result, complex structures on four-dimensional compact homogeneous spaces in the following list: It is well-known (due to A. Borel and J. P. Serre) that S 4 has no almost complex structure. For the case of S 2 × T 2 , it is known (due to T. Suwa [20] ) that a complex surface is diffeomorphic to a S 2 -bundle over T 2 if and only if it is a ruled surface of genus 1. We can see this also from the recent result (due to R. Friedman and Z. B. Qin [7] ) that the Kodaira dimension of complex algebraic surface is invariant up to diffeomorphism. To be more precise, there exist two diffeomorphism types of ruled surfaces of genus 1: the trivial one and the non-trivial one (which correspond to two diffeomorphism types of S 2 -bundles over T 2 ), and the latter is not of homogeneous space form (see [20] ). For the case of S 1 × S 3 , K. Kodaira showed [14] that a complex surface diffeomorphic to a finite quotient of S 1 × S 3 is a Hopf surface. Generally a Hopf surface is diffeomorphic to a fiber bundle over S 1 with fiber S 3 /U, defined by the action ρ : π 1 (S 1 ) → N U(2) (U) with ρ (1) being cyclic of order m, where U is a finite subgroup of U(2) acting freely on S 3 : that is, S = S 1 × Zm S 3 /U (cf. [11] ). We can see that a Hopf surface is of homogeneous space form if and only if U is a finite subgroup of SU(2).
Let G = SU(2) × S 1 , which is a compact Lie group structure on S 3 × S 1 .
Take a finite subgroup ∆ = H × Z m of G, where H is a finite subgroup of SU (2), Z m is a finite cyclic subgroup of G generated by c: c = (τ, ξ), τ = ξ −1 0 0 ξ , ξ m = 1, and τ belongs to N SU(2) (H). S is a fiber bundle over S 1 with fiber S 3 /H, which has a canonical complex structure, defining a Hopf surface. It should be noted that if τ does not belong to H and m ≥ 2, then S is a non-trivial bundle. Conversely, given a Hopf surface S with fiber S 3 /H, defined by the action ρ, we can assume ( [11] ) that ρ(1) is a diagonal matrix, all of which entries are m-th roots of 1. Then we can see that ρ(1), which belongs to N U(2) (H), actually belong to N SU(2) (H). Hence S is diffeomorphic to the one constructed above. For the case of S 2 × S 2 , it was shown (due to Z. B. Qin [17] ) that a complex surface diffeomorphic to S 2 × S 2 must be a Hirzebruch surface of even type, which is by definition a ruled surface of genus 0 with diffeomorphism type S 2 × S 2 . As is well-known, there exist two diffeomorphism types of ruled surfaces of genus 0: S 2 × S 2 and CP 2 #CP 2 (which correspond to two diffeomorphism types of S 2 -bundles over S 2 ). A Hirzebruch surface of odd type is the surface of the latter type. We can see that no non-trivial finite quotient of S 2 × S 2 has complex structure. It 
